It is well known that performance is not homogeneous across the visual field, even at isoeccentric locations. Several inhomogeneities in particular have been identified -a Horizontal-Vertical Anisotropy (HVA -better performance in the horizontal than in the vertical direction); a Vertical Asymmetry (VA -better performance in the lower than the upper visual field); and a Vertical Meridian Asymmetry (VMA -better performance below than above the point of fixation on the vertical meridian). Performance has also been reported to be particularly poor at the location directly above the point of fixation, i.e., the ''North'' (N) location and sometimes at the location directly below the point of fixation, i.e., the ''South'' (S) location. These phenomena are typically characterized by statistics that compare performance across the visual field to a homogeneous (circular) model. Here we propose an alternative method for assessing visual field inhomogeneities, which involves comparing performance to an elliptical model of the visual field. We maintain that this method provides a more robust analysis of visual field inhomogeneities because it does not overestimate the North and South effects.
Introduction
It is well known that performance is not homogeneous across the visual field, even at isoeccentric locations. In addition to the well-known foveal/peripheral differences, visual fields are generally elongated in the horizontal direction. Performance is superior in the horizontal compared to the vertical direction (Cameron, Tai, & Carrasco, 2002; Carrasco, Giordano, & McElree, 2004; Carrasco, Talgar, & Cameron, 2001; Carrasco et al., 1995; Rijsdijk, Kroon, & van der Wilt, 1980; Rovamo & Virsu, 1979) , which has been referred to as the Horizontal-Vertical Anisotropy (HVA; Carrasco, Talgar, & Cameron, 2001; Kröse & Julesz, 1989; Nazir, 1992) . Performance is often better in the lower than upper visual field (Altpeter, Mackeben, & Trauzettel-Klosinski, 2000; Edgar & Smith, 1990; He, Cavanagh, & Intrilligator, 1996; Levine & McAnany, 2005; Previc, 1990) , which has been referred to as the Vertical Asymmetry (VA). A Vertical Meridian Asymmetry (VMA) has been reported; performance is superior for stimuli that are placed below compared to above the horizontal meridian on the vertical meridian (Cameron, Tai, & Carrasco, 2002; Carrasco, Giordano, & McElree, 2004; Carrasco, Talgar, & Cameron, 2001; Talgar & Carrasco, 2002) . In some studies, better performance in the lower visual field could be considered either a VA or VMA (He, Cavanagh, & Intrilligator, 1996; Rubin, Nakayama, & Shapley, 1996) . Under some conditions, performance is particularly poor at the location directly above fixation (i.e., the ''North'' or ''N'' location), particularly in comparison to performance on the horizontal meridian. This phenomenon was first noted by Carrasco, Talgar, and Cameron (2001) and has been referred to as a North effect (Cameron & Rathje, 2006) . Under some conditions, performance is particularly poor at the location directly below fixation (i.e., the ''South'' or ''S'' location). We call this a South effect.
Visual field inhomogeneities have been reported in detection, discrimination and localization tasks (e.g. : Carrasco, Talgar, & Cameron, 2001) . Specific details of the inhomogeneities have been studied by Abrams, Nizam, and Carrasco (2012) . Some studies have reported that sustained attention improves performance more in the lower visual field (e.g. : He, Cavanagh, & Intrilligator, 1996) , while others have shown visual field inhomogeneities are maintained with directed attention (e.g. : Carrasco, Talgar, & Cameron, 2001; Talgar & Carrasco, 2002) . Visual field inhomogeneities have also been examined within a crowding paradigm (Livne & Sagi, 2011; Toet & Levi, 1992) and may guide visual search (see Eckstein, 2011 ; for a review). Since these inhomogeneities have been studied in a variety of contexts, it is valuable to have a standardized way to quantify them.
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Definitions of performance field inhomogeneities
Performance fields are characterized by polar plots with the locations indicated as compass directions (N at the top); in most cases, percent correct is plotted at eight equally-spaced isoeccentric locations and distance from the center reflects performance level (e.g., Fig. 1 ). Viewing is typically binocular. The radial direction represents a measure of performance (such as discriminability, detectability or sensitivity). Five commonly reported inhomogeneities are described in Table 1 (second row) .
For illustration, we have constructed four cases of hypothetical ''data''. The four hypothetical performance fields, reminiscent of results of previous research (e.g.: Cameron & Rathje, 2006; Cameron, Tai, & Carrasco, 2002; Carrasco, Talgar, & Cameron, 2001 ) are shown in Fig. 1A-D . All of our hypothetical data include an HVA. They can be described as follows:
Case A ''Simply Elongated'': Best performance is observed along the horizontal meridian and relatively poor performance is observed on the vertical meridian, which results in a performance field that is elongated horizontally. It is not obvious whether performance at the N or S locations is poorer than expected from the generally elongated field. Case B ''Notch at North'': Best performance is observed along the horizontal meridian, but performance is clearly poor at the N location compared to other isoeccentric locations. It is not obvious whether performance at the S location is poorer than expected from the generally elongated field. Case C ''Notch at North and South'': Best performance is observed along the horizontal meridian and performance at the N and S locations is poor compared to other isoeccentric locations. Case D ''Lower Field Advantage'': Best performance is observed along the horizontal meridian, and performance is better in the lower visual field compared to the upper visual field. It is not obvious whether performance at the N or S locations is poorer than expected from the generally elongated field.
Hypothetical performance in Fig. 1 is plotted on a ratio scale (from zero to some maximum) because fitting an elliptical model requires a (0, 0) center. However, data are often obtained by the two alternative forced choice method (2AFC), for which theoretical performance ranges from 50% to 100% correct. In that case, performance must be normalized to extend from 0 to 100; this can be accomplished by subtracting 50% from the raw percentage correct and doubling the result. (An analogous normalizing transform can be used for 3AFC or 4AFC.) The performance field so obtained is identical to a graph of the raw percentage correct (2AFC) plotted on a scale from 50 to 100 (see right axis in Fig. 1B) . The normalized score is a valid representation of performance, but it could be replaced by a measure of detectability or sensitivity.
The issue addressed in this paper is how best to characterize these performance fields and how to quantify the visual field inhomogeneities, particularly those on the vertical meridian (i.e., VMA, North and South effects). We propose that characterizing performance fields and quantifying visual field inhomogeneities should be done within the context of the HVA and the VA. The argument is as follows: Given that visual performance fields are not homogeneous (the HVA is nearly ubiquitous, and the VA is often observed), inhomogeneities such as the VMA, the North effect and the South effect must be shown to be greater than what would be predicted in the context of the HVA and the VA.
Quantifying performance field inhomogeneities

Circular model
Visual field asymmetries have been characterized by using standard statistics to compare relative performance at locations across Fig. 1 . Four cases of hypothetical data designed to be comparable to figures in previously published studies.
the visual field (see for example, Carrasco, Talgar, & Cameron, 2001 ). These measures have been applied when data were collected at eight equally-spaced isoeccentric positions. An assumption of such an analysis is that the default (i.e., the null hypothesis) is a homogeneous or circular performance field. We refer to this method as the circular model method.
In the circular model method, overall visual field inhomogeneities are demonstrated using Analysis of Variance (ANOVA). A main effect of stimulus location indicates a visual field inhomogeneity.
The following statistical comparisons to describe specific visual field inhomogeneities using the circular model are outlined in Table 1 (row 3).
1. The HVA is assessed with planned comparisons or t-tests that compare the average performance at the N and S locations to the average performance at the East (E) and West (W) locations. It is also possible to compute the ratio of the average performance at the N and S locations divided by the average performance at the E and W locations, although this has never been reported. 2. The VA is assessed by averaging performance at locations in the upper visual field and lower visual fields and using a t-test to compare the means. It has been suggested that due to the unique processing along the vertical meridian, this calculation should be made without including performance on that meridian (Abrams, Nizam, & Carrasco, 2012) . 3. The VMA is assessed with planned comparisons or t-tests by comparing performance at the N and S locations. 4. The ''North effect'' has been measured by comparing performance at the N location to performance at other locations, specifically the E and W locations. To quantify this phenomenon, Cameron and Rathje (2006) developed a North effect index by subtracting performance at the N location from the average of the E and W locations. 5. The ''South effect'' may be calculated in the same way as the North effect but considering performance at the S location; however, it is rarely reported. Table 2A indicates the outcome of these calculations on the four cases shown in Fig. 1 . Only magnitudes are presented, since these are hypothetical examples and have no variance. Although the analyses using the circular model confirm well-known heterogeneities (e.g.: the HVA and VA), they fail to address the issue of whether performance on the vertical meridian, for example, is different than would be expected given the existence of an HVA and a VA.
Elliptical model
Here we propose an alternative method that incorporates the assumption that there is usually an HVA, and sometimes a VA, and allows examination of performance on the vertical meridian.
We note that others have suggested that the visual field is an elliptical (or distorted elliptical) shape (Baldwin, Meese, & Baker, 2012; Engel, 1977) .
Our analysis of visual field inhomogeneities begins by fitting elliptical models to performance fields. Fig. 2A -D displays examples of ellipse fits to the same four hypothetical performance fields in the corresponding parts of Fig. 1 . We start with the assumptions that performance (1) may be better on the horizontal than the vertical meridian (the HVA), and (2) can be better in the lower than the upper visual field (the VA). Note, however, that the fits are not constrained and the ellipse could be tall and narrow or show an upper visual field advantage.
Method of fitting an ellipse
In the ellipse-fitting models, we fit data from all tested locations, excluding those on the vertical meridian. Mathematical details of fitting an ellipse to data obtained at any collection of iso-eccentric points or the usual eight equally spaced points are given in Appendix A. An ellipse is defined by two semi-axes: a horizontal semi-axis, a, and a vertical semi-axis, b. An appropriate mathematical approach is to compute a least mean squares error fit of all of the data points (excluding the vertical meridian) while maintaining the assumption that the ellipse does not rotate (given that the head is held erect; see Corbett & Carrasco, 2011) and that the ellipse does not shift along the horizontal meridian (given the left-right symmetry of the two eyes and the fact that these stimuli are confined to the binocular area). In general, we must allow for the possibility that the hemifields above and below the horizontal meridian may not be equivalent; that is, there may be a VA. The direct way to fit an ellipse under such a circumstance is to allow it to shift vertically by an amount d. A shift of the ellipse moves the assumed peak performance off the horizontal meridian, but best performance slightly above or slightly below the horizontal meridian has never been reported. Allowing for the ellipse to shift vertically in either direction would violate an assumption that performance is best along the horizontal meridian (the HVA), so we propose a modified ellipse model that maintains the constraint of best performance along the horizontal meridian but allows for a lower field advantage (VA). For this model we generate two ''hemi-ellipses'', one using data only from the upper visual field and one using data only from the lower-visual field. Both hemi-ellipses depend upon E and W for their horizontal extent and have their horizontal semi-axes on the horizontal meridian, so they merge seamlessly at E and W. The a value (horizontal semi-axis) is the same for both hemi-ellipses, but we calculate separate vertical semi-axes (b upper and b lower ). Since the VA is usually small, the two methods generally provide nearly identical curves; note how similar are the two fits in Fig. 2D . When there is a negligible VA, a simple unshifted ellipse provides a satisfactory two-parameter (a and b) model. Either the shifted or hemi-ellipse model requires three parameters (a, b and d; or a, b upper and b lower , respectively). The shape of the hemi-ellipse model is reminiscent of the bulging lower visual field, as described by Baldwin, Meese, and Baker (2012) and Engel (1977) .
The statistical comparisons to describe visual field inhomogeneities with respect to an elliptical model are outlined in Table 1 (bottom are the same then the ''ellipse'' is a circle and there is no HVA (and the t-test would be non-significant). The smaller the flatness value, the larger the HVA. 2. In the hemi-ellipse model, the VA is quantified by comparing the values of the vertical semi-axes (b upper and b lower ) of the two hemi-ellipses. In the shifted ellipse model, the VA is quantified by measuring whether there is a shift in the ellipse fit that is significantly different from zero. 3. There is no obvious way to use an ellipse to calculate a VMA because the ellipse fit does not include the VM. As discussed below, this metric is confounded with other inhomogeneities (namely the VA and the North and South effects). 4. The North effect is quantified by examining whether performance at the N location is different from performance predicted by the ellipse. A North effect is said to exist if differences between performance on the ellipse (i.e., b upper ) and actual performance is different from zero. No difference indicates that the elliptical model accounts for the performance at N. 5. The South effect is quantified in the same manner as the North effect, but for performance at the S location compared to b lower . Table 2B indicates the values of the four relevant visual field inhomogeneities as measured by elliptical models for the four hypothetical performance fields shown in Fig. 1 . Compare this to Table 2A . Both methods measure an HVA in all cases that we show here, although the magnitudes can be somewhat different according to which method is used. In terms of the VA, both methods result in the same conclusions: A VA is measured by both methods where it is expected -only in Case D. Since the circular model method considers the actual displacement of the diagonal points while the elliptical model method presents the ellipse semi-height, the magnitude is somewhat smaller by the circular model method.
Comparison of circular and elliptical models
The methods are not in accord, however, in their analyses of the North effect and the South effect. Not only is there a quantitative difference in all of these cases, but there is a qualitative disagreement for Cases A and D. In Case A a North effect emerges in the circular model method because performance at N is poorer than at any other location. In the elliptical model method, by contrast, no North effect emerges because the performance at N is simply consistent with the HVA. In Case D the circular model method again finds a North effect because performance is lower at that location than all other locations, whereas the elliptical model method finds little or no difference between performance at N and the elliptical model fit.
In terms of the South effect, the two methods differ in their qualitative conclusions for Cases A and B, on the same logic as the North effect -the ellipses fit performance at S in those cases, but the circular model suggests that performance at S is poorer than at any location not on the vertical meridian. For Case D, the S location is reasonably well fit by the elliptical model and thus no South effect would be recorded. Note that for the circular model, the presence of a South effect is affected by the VA -the larger the VA, the less likely it is that a South effect would be observed.
Case study: applying the elliptical model
The elliptical model can also characterize an unusual inhomogeneity. Consider the hypothetical data in Fig. 3A . At first glance, the performance field appears to be more nearly circular than the performance fields in Fig. 1 , and while there is a distinct North effect, there may also be a VA. In fact, the circular model indicates an HVA difference of 42.50 (HVA ratio = 0.50), VA = 0.00 (5.00 if the vertical meridian is not excluded), VMA = 30.00, North effect = 57.50, and South effect = 27.50. Fig. 3B presents the same hypothetical data fitted with an ellipse. Now it is clear that the HVA is the same as the HVA in Fig. 2 (HVA = 37.50, ratio = 0.559). The VA remains 0.00 and the North effect is 20.00. The important point is that the South effect is -10.00; a negative value, which we refer to as a ''reversed South effect'' (such an effect has, in fact, been observed under some experimental conditions: see Anderson, Cameron, & Levine, 2014) . Figs. 1 and 2 , any North effect is exaggerated using the circular model because the calculation involves comparing performance to the horizontal meridian, where performance is almost always better (i.e., there is an HVA). Similarly, the South effect is magnified, to the extent that circular model considers these data to manifest a small South effect, while the elliptical model shows that the performance at S is actually better than would be expected from the ellipse exclusive of performance along the vertical meridian. Note that the reversed South effect results in a noticeable VMA (30.00).
As in the examples in
The ellipses in Figs. 3B and 2A-C are identical (the dotted ellipse in Fig. 2D is the same ellipse displaced downward) . The data were constructed by placing all the points that are not on the vertical meridian exactly on the ellipse; the point at N was displaced downward in Figs. 2B and C and 3B, while the point at S was displaced upward in Fig. 2C and downward in Fig. 3B .
Discussion
In this paper we have articulated a method for quantifying visual field inhomogeneities. Elliptical models capture the ubiquitous heterogeneity of the visual field; performance is generally better on the horizontal than the vertical meridian. An elliptical model (either the hemi-ellipse model or the shifted ellipse model) can account for the fact that performance is sometimes better in the lower visual field than in the upper. The elliptical models provide a more robust means of characterizing visual fields for two reasons: (1) more data are used in drawing conclusions about inhomogeneities (i.e. at least six points are used to fit the ellipse and thus single data points are less able to influence the calculations), and (2) seemingly unique performance (such as in the North effect and South effect) is evaluated in the context of known general inhomogeneities.
We prefer the hemi-ellipse version of the elliptical models for several reasons: First, it is consistent with the assumption of maximum sensitivity on the horizontal meridian. It is also consistent with the ''witch's hat'' contrast sensitivity spatial function proposed by Baldwin, Meese, and Baker (2012) and the bulging lower visual field shown by Engel (1977) . Both of those papers suggest an elliptical shape that is deformed in the lower visual field. Moreover, it is computationally simpler. The two values of b can be estimated directly without the iterative non-linear fitting necessary for the shifted ellipse when the usual points at 45°are the only ones off the meridia. Iterative fits are sensitive to the selected initial conditions and step sizes used in the fitting algorithm.
The elliptical models and the circular model come to the same conclusions about the well-known inhomogeneities. First, an HVA emerges whether one compares the semi-axes of the ellipse or a t-test compares performance at E and W to performance at The same data fitted with an ellipse. This is the same ellipse as in Fig. 2A-C. N and S. However, notice that the elliptical model incorporates only data that are not on the vertical meridian, and thus is not conflated with the North or South effects. This is important because these effects in many cases are the points of interest. Second, a VA emerges whether one uses the ellipse calculations (shifted ellipse: value of the shift d or hemi-ellipse: comparison of the two b's) or a t-test that compares the average performance in the lower and upper visual fields. Given the variable performance on the vertical meridian, it has been suggested that performance at the N and S locations not be included in this calculation (Abrams, Nizam, & Carrasco, 2012) .
The differences between these methods emerge when considering the VMA, the North effect and the South effect. The elliptical model method does not supply a calculation for the VMA because it bases the fit on all points except those on the vertical meridian. The circular model method predicts a VMA for Cases B and D; however, the VMA conflates two other phenomena, namely the North effect and the VA. In Case B the VMA emerges as a result of a North effect. In Case D the VMA emerges as a result of the VA. In Case C no VMA emerges because there are equal North and South effects; but in the example of Fig. 3 , a VMA emerges because there is a reversed South effect. Thus, we favor measuring the North effect, South effect and VA separately and not reporting the VMA. The elliptical models provide all the measures except the conflated VMA.
The elliptical model and the circular model are in accord in their identification of North and South effects in Cases B and C. This is because performance at N is sufficiently poor in those cases that it is obvious in either model. The models differ in their conclusions about Cases A and D. Again, the elliptical model accounts for the performance at the N location in these conditions, even though performance at N is low compared to other locations in the visual field -the metric used in the circular model. In summary, characterizing visual field inhomogeneities by these two methods (elliptical and circular models) results in the same qualitative conclusions for the HVA and VA, but different conclusions about North and South effects.
Much of the work on performance fields has examined performance at small eccentricities, typically about 3°-6°(e.g.: Cameron & Rathje, 2006; Cameron, Tai, & Carrasco, 2002; Carrasco, Talgar, & Cameron, 2001 ). Ellipses may be fit to data obtained at any eccentricity. Carrasco, Talgar, and Cameron (2001) reported that visual field inhomogeneities become more pronounced at greater eccentricities. Comparison of the ellipse models at different eccentricities could verify and quantify this progression, for example by plotting flatness, VA, North effect and South effect as a function of eccentricity.
We have provided a model for characterizing performance fields and for quantifying visual field inhomogeneities. For example, the particularly poor performance at the N location is an important phenomenon for visual scientists to consider when designing experiments that place stimuli across the visual field. The North effect is certainly present under some conditions, but the circular model generally overestimates the effect, whereas the elliptical model demonstrates that the effect, in some instances, may simply reflect the HVA. Thus, in evaluating putative inhomogeneities along the vertical meridian, it is important to consider carefully how best to quantify them. The elliptical model provides a more robust framework within which to quantify visual field inhomogeneities along the vertical meridian.
Appendix A
A.1. Definitions
We fit ellipses to the values at all points except N and S; these were omitted because we wish to compare performance at these points to that of the rest of the visual field. We assume symmetry about the vertical meridian (specifically, that any difference between E and W is due to random error). In the fits shown here, we used six points that are assumed to be on the horizontal meridian and on the 45°diagonals; a more general solution is first offered that also omits N and S, but does not require only six points or that the off-meridian points be on 45°diagonals.
Fits may be made three ways: (1) assuming an ellipse with semi-axes collinear with the meridians, (2) allowing that upper and lower visual fields may differ, so a separate hemi-ellipse is fit to the upper and lower fields; the hemi-ellipses each have the same horizontal semi-axis, which is on the horizontal meridian for each, and (3) a single ellipse may be shifted vertically so that its horizontal semi-axis lies on a line parallel to (but not necessarily coincident with) the horizontal meridian. As noted in the text, we favor the hemi-ellipse method when there may be a VA.
A.1.1. Notation
The x-and y-axes intersect at fixation; the x-axis is the horizontal meridian, and the y-axis is the vertical meridian.
V i performance at position i. h i angle from fixation along the horizontal meridian at position i. x i , y i are the coordinates of the ellipse at angle h i . R i distance from the origin to the ellipse at angle h i . a length of the horizontal semi-axis of the ellipse, parallel to (or collinear with) the x-axis. b length of the vertical semi-axis of the ellipse, collinear with the y-axis. d vertical displacement of the horizontal semi-axis of the ellipse for the shifted ellipse method (method 3). The lower visual field is generally assumed to be more sensitive than the upper field, so d is defined as positive for downward shifts.
A.2. General solution
Here we consider the fitting of an ellipse when data are obtained in a pattern other than the ''standard'' eight positions (i.e.: additional positions, or diagonals at an angle other than 45°). Data are obtained at n locations designated i. For hemi-ellipses, only those locations in the appropriate hemi-field are considered.
The equation of an ellipse is:
x i and y i are related by
From (1):
Also:
then from (4) and (7):
From (6) and (8):
Our task is to minimize the mean squared error:
To minimize Eq. (11) with two unknowns (a and b) requires a non-linear iterative procedure. This can be accomplished with a Gauss-Newton partial derivative search or a simplex search. Note that if there is a VA, to fit hemi-ellipses, there will be a b upper and a b lower , with each associated with the appropriate V i values (three unknowns in all).
For simplicity, if data were obtained at E and W and no other points with small |h i |, assume a can be determined from the horizontal extent of the performance at the points on the horizontal meridian:
Then the best value of b can be found by setting the partial derivative of (11) ) To make life simple, let
Note that constant multipliers can be dropped because the sum = 0
And that last term:
so from (19)
Combining (18) and (24):
This can best be solved by successive iteration, since the function is nearly linear in b.
A.3. Data at eight positions (including N, S, E and W)
If data are obtained at eight positions, including the meridia, there are only six values to be solved (N and S are excluded). The following solutions for a and b provide the least mean squares fits to E and W and to the four diagonal points, separately.
We can obtain the least squared error on the horizontal meridian by obtaining a from the E and W values (12). To solve for b, we have to consider only the positions in the four quadrants; assume they are all at the same angle, h, from the horizontal meridian. All u i are then the same value, u. Note that the value of a, while providing the least squares error at E and W, may not be optimal for all six points if the four points in the off-meridian quadrants are nearer to the horizontal meridian than to the vertical meridian.
Let V be the average of the performance values at the four points in the four quadrants (n = 4); if hemi-ellipses are being sought, only the two in the upper or lower quadrant are used (n = 2):
then (25) 
Substituting for u from (13):
A.4. Specific case of data at eight equally-spaced equidistant positions
While some studies may include data at positions other than on the main meridian or diagonals, the most efficient experiments (and the majority of those reported) have data limited to those eight equally-spaced isoeccentric positions. We now simplify our analyses for those cases, and consider the three fitting methods separately.
On the diagonals, h = 45°, so
A.4.1. Method 1: Ellipse centered upon fixation (d = 0) From (34) and (35):
with a from (12). This is also the least squares fit to all six points taken simultaneously.
A.4.2. Separate hemi-ellipses centered upon fixation for upper and lower visual fields
Each hemi-ellipse is found in the same way as in the above condition, but only the diagonal points above the horizontal meridian are used for computing the upper hemi-ellipse, and only those below that meridian are used for the lower hemi-ellipse. The horizontal extent of each is the same (they merge seamlessly on the horizontal meridian with infinite slopes; thus, a upper = a lower = a (with a from Eq. (12)).
The values of each b for each field, f, are given by Eq. (36), with the value of V taken from only two diagonal points:
A.4.3. Ellipse shifted vertically For an ellipse shifted vertically by an amount d, the widest extent may not be on the horizontal meridian; therefore, all three parameters (a, b and d) must be solved simultaneously. This requires a nonlinear, iterative procedure to determine the least squares fit. The success of such procedures depends upon the initial values selected and the size of the iterative steps.
A reasonable first estimate is obtained by finding the best-fitting unshifted ellipse from Eqs. (12) and (36). This provides initial estimates a init and b init . A starting value of d init is found from the mean y-value of the four diagonal points (signs changed because d is defined as positive for negative y):
(The square root of two is taken because it is the y-component of each point on a 45°radius.)
With these initial values, an iterative procedure seeks the least mean squares fit for the six relevant points. This can be done with a Gauss-Newton partial derivative search or a simplex search.
The least squares fit is taken from the ellipse to the measured value along the radius from fixation, not the ellipse center of gravity. Thus, we must calculate the ellipse values, R i , as their distances from fixation (x o , y o ) for each datum, D i , in order to calculate mean squared error at each iteration: MSE ¼ 1 6
The ellipse is centered at x 0 , z 0 :
The angle to that point from the x-axis is h i , and
From Eq. (1):
From Eqs. (44) and (45):
